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Abstract

We discuss a classification of spatially homogeneous nonisotropic spacetimes,
which admit a separation of variables in the Hamilton—Jacobi equation.
Spacetimes with a four-parametric group of motion are considered. All types
of metrics and Killing vectors of these spacetimes with Bianchi classification
are obtained. An example of application for the Vaidya problem is considered.

PACS numbers: 04.20.Gz, 02.40.—k

1. Introduction

Let us consider a problem of classification of space-homogeneous models of spacetimes which
admit a complete separation of variables in the Hamilton—Jacobi equation

§78:S; =m?, i,jk=1,...,n. (1)
These spaces are called Stickel spaces [1-3]. Note that other important equations of motion
(Klein—Gordon, Dirac, Weyl) can be integrated using the method of complete separation of
variables only for metrics belonging to the class of the Stickel spaces.

One of the main problems of mathematical physics for the gravity theory is the problem of
exact integration of the field equations or equations of motion of matter. The most interesting
models for cosmology are space-homogeneous models, which are known to admit a three-
parametrical transitive group of motions with space-like orbits [5]. On the other hand, it
is known [2] that geodesic equations in the Hamilton—Jacobi form can be integrated by the
complete separation of variables method if they admit first integrals which are linear and
quadratic with respect to the momenta

X=X"pipj, Y=Ypi. (2)
Voo PP
These integrals commute pairwise with respect to the Poisson bracket and

X Gjiy =Y ajy=0 3)
v p
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(the semicolon denotes the covariant derivative and the parentheses denote symmetrization).
Therefore ¥, ’, X, "/ are the components of the vector and tensor Killing fields, respectively.

Thus, there is a problem of finding a subclass of homogeneous spacetimes admitting
complete sets of integrals of motion. In other words, a spacetime with a complete set must
admit a three-parametrical transitive group of motions with space-like orbits. There are seven
types of Stickel spaces with the signature (—, +, +, +). Let us consider Stéckel spacetimes
of type (3.1). This type of Stickel spacetimes is rather interesting in this context, because its
metric depends only on such variable of a privileged coordinate set, which corresponds to null
(wave) hypersurface of the Einstein equation. In other words, the Stickel spacetimes of this
type are common to spaces filled with radiation (gravitational, electromagnetic, etc).

2. Classification of the homogeneous Stiickel spacetimes (3.1) type

In a privileged coordinate set, where equation (1) admits variable separation, a metric of the
(3.1) type has the form (see, for example, [4] and references therein)

0 1 by(x%  b3(x")

1 0 0 0
bry(x") 0 an(x®) axx® |’
b3(x") 0 an(x?) a;x@x?)

g/ = axnazz > 0, 4

where x is the wave-like variable.
The Killing equations for vector &' and metric (4) have the following form:

L. &% +bE%,+b3E°3=0
2. EV0+E 1+ bE L+ b3E3=0
3. boE 0 +E% +ant® s +ant’ s+ brEl s+ b3E? 3 — E%, =0
4. b3E% 0+ 8 1 +ant’r+ant’ s+ bog H +baE 3 — E0D, =0
5. 89=0 -
6. E20+ant' 1+ant'3=0
7. Eo+ant' 1+ang' 3=0
8. brE’o+ant’s+ant’;—£%) =0
9. biE’ o+ bE g +an(E2,+E%3) +ant’ s +at?; — %), =0

10. b3&° g +ané’, +ang’ s — %), =0.

Metric (4) admits three commuting Killing vectors
X1, X2, X3; [X,, X,]1=0, p,q,r=1,2,3, (6)
with components
X, =4, ©)

The metric projection on orbits of this group of motions is degenerated. Thus, we need
an additional Killing vector

Xi =g (®)
The commutative relations of group X;—X4 have the form

[Xins Xa] = 0 Xa+ Bn" Xn
[X],X4]=(X1X4+ﬁ1po, p’q=17273 (9)
[X,, X,]=0.
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This allows us to derive &/,

Ea=aE + ", = ' + B8 (10)
The Jacobi identities for the structure constants (9) have the form
Bi'e, =0, 3" = azfr", anfi” = ai1Bn". (11)

We can simplify equations (10) by using linear transformations of Killing vectors, which do
not break the group structure.

(1) X, = S, X,. Then equations (9) can be written in the form
(X0 Xal = (S™) " @ Xa + (S2) 7' BES" X,
(X1, Xa] = a1 X4+ B1"Su" X + B X1

Therefore, we have from (9) new structure constants

@ = a, &nz(Snm)_lams Bi' =8, (12)
B =Bi"S,", B = (Snl)_lﬁszkm~
2) X4 =X4+b"X,,
(X, Xa] = @ Xs+ (0ud" + ") X
(X1 Xa]l = a1 Xy + (1" + B1") X, + B X,
and new constants
&, =a,, Bi' =B, By = By +a,b™. (13)
We also use coordinate transformations, which do not break the form of metric (4),
20 =a"", = iox‘, X =a,"x”. (14)
a

From commutative relations (10) and Jacobi identities we obtain the following form of
Killing vector:

£ = B,18,'x” + f1(x°), B! =0. (15)
The Killing equations for this vector have the form

1. Bl+fY =0

2. B2+ Ba%by+ By + by — OBy =0

3. B+ B by + Bby+ by — OB, =0

4. fV=fY=5"=0 (16)

5. 2,822a22 + 2/3326123 — foaéz =0

6. Blam + (B2 + B3 )ans + B3lazs — fOay; =0

7. 2B2%ax +2p5%az — flaly =0,

and we immediately obtain

f0=—,311)€0+00, f1=01, f2=f3=0, o = const.
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Further classification can be made by use of the following two independent conditions:

1. According to the value of 8. If B;' # 0, then we may choose B;' = 1,6’ =o' = 0;
if 8;' = 0, then we may choose 0 = 0! = 1. Thus, we have two types
Type A: &%= —x0 &l =x1;
TypeB: &0=1,¢'=1.
2. According to the classes of matrix §,,". By use of transformation (12) it can be brought
to one of the following three classes:

M [ 0\ @ (r 1\ B (a B
G 2) @67 (G srow

Finally, we have six classes Al, A2, A3, B1, B2, B3 with some subclasses, which can
appear along Killing equations solving.

Type A spaces

Class AI. 'We have here three subclasses dependent on constants A,,.

Subclass Al .1

1—A 1—2
0 1 ﬂ2x0 2 ,33)60 } —xo
- 1 0 0 0 . x!
g’ = 1- —2 —m=a | g = ,
Bx" "0 x0 ayx? ; Apx
1—A —A—h 21 3
ﬂSXO 0 Ol23xo T X0 A3X
A # 1, A #1, loz| < 1.

If A, = A3, then we may choose a3 = 0.

The Bianchi classification of this metric looks like the following: type I for A, = A3 = 0,
type V for A, = A3 # 0, type VI for A, # A3.

The scalar curvature (R) and the Weyl tensor (W) of this metric are

1. R =const# 0fori, = A3 =0;

2. R=0forpB, =8=0;

3. W =0for g, = B3 =0, A, = A3 # 0 (conformally flat space).

Subclass Al.2

1=,

0 I —Bi%logx®  Bax® " —x0

) 1 0 0 0 4 A
gl] = 1 —1-X3 ) El = 2 2 )
—Bi%logx® 0 — anx? " Bi2x! +x
X
1-2 —1-2 —2) 3
Bx® 0 gk x0T A3x
A # 1, loas| < 1.

The Bianchi classification of this metric is of type VI only.

Subclass Al.3

0 1 —B%logx® —pB;3logx”® —x0

' 100 0 ,~ x!
£ = —Bi*logx® 0 X% 0 ’ § = Bi2x! + x?
—BiPlogx® 0 0 # Bi2x! +x3

The Bianchi classification of this metric is of type V only. The scalar curvature: R =
const > 0.
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Class A2.  We have two subclasses dependent on constant A.

Subclass A2.1

0 L A (B — Balogx0x®
. 1 0 0 0
8 = /32x°17'\ 0 x(r% _x(,fz,\ log x°
By — Palogx")x""* 0 N logx?  (as3 +log? x%)x0'
Si = (—xo, xl, sz,xz +Ax3), AFE

The Bianchi classification of this metric looks like the following: type II for A = 0,
type IV for A # 0.
The scalar curvature R = 0 for b, = b3 = 0.

Subclass A2.2
by = —pi%logx°
by = —B* log x* + %;Blzlog2 x0
ay = l/x02
a3 = —log xo/x02

az = (a3 +log® x°) /x?
éi =(—xo,xl,ﬂlle+x2,,313x1+x2+x3), a3z > 0.
The Bianchi classification of this metric is of type IV only. The scalar curvature R =
const > 0, R =0forby, =b; =0.
Class A3.  We may choose 8 = 1; therefore, the solution is as follows:

. 1-
by = (Bocost + B3 sint)x” *

0
. 1— —
by = (—pBasint + B3 cost)x° “ )i
. 0—2¢ i_ X
ar = (an3Sin2t + apy cos 2t + a033)x s & = axi—x3 |
. -2
axy = (—a sin 2t + ap3 cos 26)x0 ™" , 22+ axl3
asz3 = (—an3 sin2t — anp cos 2t + 0[33))(07 *
t =logx°.
The Bianchi classification of this metric is of type VII only.
Type B spaces
Class BI. This class has three subclasses.
Subclass BI .1
0 1 Bt B3 e*’ 1
i 1 0 0 0 £ — 1
8§ = 8 R o’ yy eP2tie” | a2 |
B et 0 o3 e(atrs)x” e2hax’ Asx3
hy #0, Az #0, loaz] < 1

If A, = 1, we may choose a3 = 0.
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The Bianchi classification of this metric looks like the following: type V for A, = A3 # 0,
type VI for A, # A3.

Subclass B1.2

0 1 Bi2x°  pyer’ 1
. 1 0 0 0 - 1
glj — ﬂlz_xo 0 1 s e)Gxo , Sl — ﬂ]le s
/3'% ek;x” 0 o3 ex0 eZAng )\3)63
A3 #0, loas| < 1.

The Bianchi classification of this metric is of type III only.

Subclass B1.3

0 1 ,312)60 ,313)60 1
i 1 0 0 0 f‘Ei _ 1
8§ = ﬁ12x0 0 1 0 s ,Blle
Bi 3x° 0 0 1 ﬂ13x3
The Bianchi classification of this metric is of type L.
Class B2
Subclass B2.1
0 L e (Bs+pox)et
ij 1 0 0 0
8§ = ,32 elxo 0 eZAxo erZAxO ’
('33 + ﬂzxo) ekxo 0 XO eZ)on (0633 + x02) eZAxo
= (1,1, xx%, x% +2xY), A #£0, a3 # 0.

The Bianchi classification of this metric is of type I'V.

Subclass B2.2
2
0 1 B2 Bix%+ 1820
ij 1 0 0 0
8 = 2.0 0 )
Bi7x 0 1 X
B13x0 + %,312)602 0 x0 o33 +x0?
£ = (L 1, B %x", Brx! +x7), a3 # 0.
The Bianchi classification of this metric is of type II.
Class B3
by = (B cos x° + By sin x°) e’ |
b3y = (— B2 sinx? + B3 cos x0) e’ )
aym = (a3 sin 2x° + gy cos 2x0 + a33) g2ox’ fi a2 — i3
— (_ : 0 0y ~2ax°
a3 = (—apy sin2x” + a3 cos 2x’) e 2 + a3

. 0
az; = (—ap3 sin 2x0 — oy COS 2x0 + 33) e2ax

The Bianchi classification of this metric is of type VIL.
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Let us present the obtained results in a form of a table.

Bianchi type
Classes I 11 11 v \'% VI viI VIII X
A 1 All 22, A3=0 =23 A #A3
Al.2 A =0 A3 #£0
Al3 +
2 A2.1 A=0 A#£0
A22 +
3 A3 +
B 1 BIl.1 = A3 A # A3
B1.2 +
B1.3 +
2 B2.1 +
B2.2 +
3 B3 +

Let us consider an example of application of obtained metrics in the Vaidya problem. The
Vaidya problem is associated with high-frequency radiation of general nature (gravitational,
electromagnetic, etc) and is most appropriate to demonstrate the obtained metrics. Einstein—
Vaidya equations have the form [6, 7]

Rup — 3R8up — Ngap = q"lulp. ll* =0, (18)

where A is the cosmological term, ¢ is the energy density of radiation and [/, is the wave
vector.

Let us assume for simplicity that gg» = go3 = 0. Thenl, = (/,0,0,0), A=0and R = 0.
It is easy to see that the obtained metrics satisfy equations (18) under the only condition for the
energy density of radiation. For all our metrics, equations (18) resulting in only one equation

ky
(x9)?
where k; and k, are constants. For type A metrics we have k, = 0 and for type B metrics
ki = 0. The obtained solution represents an analogue of spherical wave or an analogue of
homogeneous radiation (for k; = 0) occupying the space (for 7 types of homogeneous spaces
by Bianchi classification and for 12 types of obtained metrics).

(q))? = +ka, (19)
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